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INTEGRAL FORM OF THE GENERAL SOLUTION OF EQUATIONS OF
STEADY-STATE THERMOELASTICITY®

IU.D. KOPEIKIN and V.P. SHISHKIN

A new integral formula is obtained for solving the equation of steady-
state thermoelasticity in a three-dimensional region, differing from the
well-known formula /1/ in containing no volume integral. A similar
formula is encountexed in the case of a two-dimensional region, and its
use in constructing the integral equation for boundary value problems is
suggested. The fact that there are no volume integrals in the integral
equations facilitates their numerical solution. If the temperature is
represented by Green's formula in texrms of the Newtonian potentials of
the single and double layer, and the mass force is conservative, then,
as shown below, the volume integrals will also be transformed into
surface integrals over the boundary surface. The resulting formula
however is less suitable for the numerical solution of boundary value
problems as it contains a large number of integrals with different kernels.

1. The differential equations of equilibrium of a thermoelastic medium written in terms
of the displacements wu;{(i=14, 2,3 have the form

Fu;
pAui+(p+A’)m=_—_———K5 (1.1)

Here p and A are Lamé constants, E and v is Young's modulus and Poisson's ratio, a is the

coefficient of linear thermal expansion and KX; is the mass force density vector. The temp-
erature T is sought in the form of the solution of an independent boundary value problem for
the Laplace equation, and is assumed known. We write the solution of (1.1) in the form /1/

u;(2) = 17, W) s 2, 9) = u, W) 0y, (2 01 05, + (1.2)
s

§K, 0 vy ) by + T {70, (291 ay
D

(38— 4v)3,;+ BB o
ui,(zyy)= 16"”(1:_\,)" j R ej(x,y)-—-—ay—;l

1—2v 3PPp.cosg
Pf5<z’y>=m(niﬁ,-—nfﬁr-%cow— T—% )

Here = (x5 2g 7g) and vy (y, y,, ys) QGenote arbitrary points of the closed region 5, f#; are the
direction cosines of the vector ri=y; — = (r is its modulus), n; are the direction cosines
of the outward normal to the boundary S,¢ is the angle between the vector with components
r. and the normal, p;{y) are the stress vector components on the surface with normal {w), dy =
dyydy,dys  1s the volume element of the region D, §; is the Kronecker delta. We will write
the Green identity for the function T and &/9y; as follows:

E[“ (-;y—r})—(AT)—(gi-]dy=—ai-;S<%—ﬁr—T%~)dS (1.3)
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The first term in the integrand on the left hand side of the identity (1.3) is propor-
tional to the function 6;(z,y) = kA (8r/dy)), k = (1 — 2v)/[16ap (1 — )], and the second term is equal to
zero since the temperature T is harmonic. We can therefore rewrite (1.3) in the form

I aE S
T, =T T (y)8;(z, y)dy (1.4)
D

where ® is a biharmonic function (the sum of the potentials of the single and double layer).
The right-hand side of (l1.4) is a volume integral which appears in the integral representation
(1.2) . We note that the derivative (1.4) of the function @ is a particular solution of the
equations of thermoelasticityin the form /2/ uﬂ¥=amﬁhr Using this representation in (1.1l),
we obtain

14w
A®=a1_vT (1.5)

Differentiating the expression for the function @ in the integrand we find that (1.5)
becomes an identity and the temperature T can be represented by Green's formula

1 dar 1 d 1 ¢
7= (G =T () -6
S

Now we can replace the integral representation (1.2) by
L] (z) = S [pi )] LT (z, y) — u; () Pi; (z, y)1dS + S Ki () Uiy (2, y) dy + (1.7)
s b
ok % dT or
STy g p—— § (Tayjan— an @,) as
where the volume integral of T is replaced by a boundary surface integral.

The integral formula (l.7) contains a wolume integral of mass force. Let us assume that
the mass force X; is conservative.

K; (y) = —o¥/dy;

and the Laplacian of the force function A¥ = m = const (this is the case for the gravitational
forces in a homogeneous medium). Then, using Gauss's theorem we obtain

co _ 1—2 - a a¥ 3
ls)lxi(y)u“kzvy)dy=m—“+ﬂ—xs(‘I’ay—i;;-——&-n—ja-;—i—-*—mrnj)dsy—s‘I’(y)ni(y)uij(t,y)dsv (1.8)
S 5

Substituting the value of (1.8) into the integral formula (1.7), we obtain complete agreement
with the formula given in /3/ without derivation.

2. We assume that the Goodier potential ¢ is obtained as a function of the coordinates
i, l.e. it is not necessarily represented in the form of the sum of biharmonic potentials
of a single and double layer. We write the solution of (1.1) in the form

up = ui® + uiT, u; = 90/oz; (2.1)
where u° denotes the general part of the solution containing the arbitrary functions and uil
is a particular Goodier solution. The elements o¢i; of the stress tensor and components p,
of the force vector have a form analogous to (2.1)

— T T

‘5gj‘—°,‘j°+5“ f Pi=Pi°+Pi (2.2)

The functions Gur,mT appearing in (2.2) are cbtained by differentiating the Goodier
potential (using formulas known from the theory of elasticity /1/). We introduce the func-

tions mT, aur,pﬂ‘ as the elements of the basic state, and the Betti-Maizel identity, and use
the Kelvin solution as the elements of the auxilliary state. Then in place of (1.4) we obtain

E
TT__-Z_;; S T (y)ej(xv y)dy = “}T(I)_ S [PiT (v) L27} (z,¥)— u{D (v) PU(I’ y)]dsv (2.3)
D S

Substituting the representation (2.3) into the integral formula (1.2) we obtain a new integral
representation for the solution of thermoelastic equations not containing volume integrals

of temperature. We note that (2.3) contains the elastic potentials of the single and double
layer which can be combined with the analogous terms of (1.2}.
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The volume integral of mass forces K; in (1.2) can also be represented as a sumof integrals
over the boundary S of region D, in a form differing from (1.8). To do this we shall seek a
particular solution of {1.l1) when 8Tidx; =0, by analogy with the Goodier solution, in the form

uiK = 9U/oz; (2.4)
where U is a scalar function. The mass forces will be assumed, as before, to be conservative

K; = —8¥/dz; (2.5)
Substituting (2.4) and (2.5) into (1.1), we obtain

, Fi Y
(0t 20) 5= (AV) = 5~ : (2.6)
when condition
AU:A—_—:%I;— (2.7)

holds, (2.6) becomes an identity. Let us assume that a particular solution of (2.7) has been

found. Then we can find the displacements uiX  and forces piK

RU
Pt =2 (wwiﬁ”) (2.8)
+
Substituting (2.8) into the integral formula (1.2) we cobtain, at T=0 , a new expression
§ K wywg o nay = u® @)+ { 15 0 0 (2 90— py 0y (@) dS (2.9)
H E AN 3 i i} i + ¥ -
D s

Formula (2.9) contains, like (2.3), the elastic potentials of the single and double layer, and
this enables us to obtain a new integral formula of the theory of thermoelasticity

w2 = (@ @0 — ur @) pyy (2 1S, (2.10)
s

X
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analogous to the Somigliana formula.
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